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Abstract
The concept of triquotients was introduced by Michael as a natural generalization of both
open and perfect surjections. Nie5eld characterized exponentiable maps in Top by means of so
called binding families of Scott-open sets in the 5bers. Without recognizing this, Uspenskij used
a characterization of triquotients by binding families of 5berwise nontrival Scott-open sets in
order to show that arbitrary products of triquotients are again triquotients. This gives now rise
to a proof of pullback-stability of triquotients in Top and a description of exponentiable maps
as local triquotients of a special type. This sheds new light on exponentiable monomorphisms
(injections). Furthermore, there is an elementary proof for Nie5eld’s characterization of exponen-
tiable inclusions of subspaces as embeddings of locally closed subsets. c© 2002 Elsevier Science
B.V. All rights reserved.
MSC: 18A20; 18B30; 54B30
0. Introduction
The following subclass of all pullback stable quotients in Top was introduced by
Michael [5,2].
Denition 0.1. A continuous map p :X → T in Top is triquotient if one can assign
to each open V in X an open V ∗ in T such that
(a) V ∗ ⊆ p(V ):
(b) X ∗ = T:
(c) V ⊆ W implies V ∗ ⊆ W ∗.
(d) If t ∈ V ∗ and U is a cover of Vt :=p−1(t) ∩ V by open subsets of X , then there
is a 5nite F ⊆ U such that t ∈ (∪F)∗.
A mapping V → V ∗ satisfying (a)–(d) is called t-assignment.
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Note, that there is a “pointfree” characterization of triquotients by Plewe [7] provided
that the base space T is a TD-space in the sense of Aull and Thron [1], i.e. points are
locally closed, i.e. open in its closure or, equivalently, an intersection of an open set
with a closed one.
A subsetH of the topology T(X ) of the space X is Scott-open [8] if it is saturated,
i.e. H  V ⊆ W ∈ T(X ) ⇒ W ∈ H, and has the 5nite union property (fup), i.e.
U ⊆ T(X );∪U ∈ H ⇒ ∪F ∈ H for some 5nite F ⊆ U. A family H = •∪
T
Ht of
Scott-open sets Ht in the 5bers Xt=p−1(t) of a continuous map p :X → T is binding
if OH:={t ∈ T |Ot ∈Ht} is open in T whenever O is open in X .
Recall from [6] that p is exponentiable, i.e. the endofunctor –×p of the category
Top=T of all spaces over T has a right adjoint, iJ for all open neighborhoods V of any
point x ∈ X there exists H= •∪
T
Ht as above with Vp(x) ∈Hp(x) and
•∪
T
(∩Ht) ∈ U(x),
the set of all neighborhoods of x. For the following see also [9].
Lemma 0.2. Let p :X → T be continuous. Equivalent are
(i) p is triquotient.
(ii) There is H=
•∪
T
Ht as above with ∅ ∈Ht = ∅ for all t ∈ T .
Proof. (i) ⇒ (ii). Choose Ht : ={Ot |O ∈T(X ); t ∈O∗} for a given t-assignment ∗.
(ii) ⇒ (i). Choose V ∗ : =VH (={t ∈ T |Vt ∈Ht}).
1. Pullback-stability of triquotients
In [7] Plewe proved pullback-stability for a more general type of triquotients in the
category Loc of locales. The corresponding result for topological triquotients is not
included.
Theorem 1.1. Pullbacks of triquotients along arbitrary continuous maps are again
triquotients.
Proof. Let p :X → T be a triquotient and f : S → T continuous. The pullback of p
along f is given by the 5ber product
X ×T S:={(x; s) ∈ X × S |p(x) = f(s)}=
•∪
T
(Xt × St)
and the projections g :X ×T S → X; q :X ×T S → S. In order to prove that q is a
triquotient consider H as in Lemma 0.2 and choose
K:=
•∪
S
Ks; Ks : ={H × {s} |H ∈Hf(s)}:
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The latter is Scott-open in the 5ber
(X ×T S)s = Xf(s) × {s}
and ful5lls ∅ ∈Ks = ∅. Now consider an open subset O of X ×T S and show that
OK:={s ∈ S |Os ∈Ks}
is a neighborhood of all s ∈ OK. Note Os = O ∩ (Xf(s) × {s}) = ∅ for every s ∈ OK
according to ∅ ∈Ks.
For 5xed s ∈ OK and all (x; s) ∈ Os one gets V x ∈ U(x); W x ∈ U(s) open such
that
(x; s) ∈ g−1(V x) ∩ q−1(Wx) ⊆ O;
because the topology of X×T S is initial with respect to g and q. The family {g−1(V x) |
(x; s) ∈ Os} covers Os ∈Ks. This yields (x1; s); : : : ; (xn; s) ∈ Os such that
(∪{g−1(V xi) | i = 1; : : : ; n})s ∈Ks:
Now consider V :=∪ni=1 V xi and W :=∩ni=1Wxi ∈ U(s). Then Vf(s)×{s}=(g−1(V ))s
∈Ks, hence Vf(s) ∈Hf(s) and f(s) ∈ VH. Thus s ∈ f−1(VH) which is open in S.
Moreover
g−1(V ) ∩ q−1(W ) = n∪
i=1
(g−1(V xi) ∩ q−1(W ))
⊆ n∪
i=1
(g−1(V xi) ∩ q−1(Wxi)) ⊆ O;
thus (g−1(V ) ∩ q−1(W ))K ⊆ OK and
s ∈ f−1(VH) ∩W ⊆ (g−1(V ) ∩ q−1(W ))K;
because f(r) ∈ VH and r ∈ W implies
(g−1(V ) ∩ q−1(W ))r = (g−1(V ) ∩ q−1(W )) ∩ (Xf(r) × {r})
= Vf(r) × {r} ∈Kr :
This proves OK ∈ U(s) for an arbitrary s ∈ OK.
Products p×q of triquotients are compositions (p× id)◦ (id×q) of pullbacks along
projections. This reproves the following result by Michael [5].
Corollary 1.2. Finite products of triquotients are triquotients.
102 G. Richter / Journal of Pure and Applied Algebra 168 (2002) 99–105
2. Characterization of exponentiable maps by triquotients
Exponentiable maps in Top are just local triquotients of a special type in the
following sense.
Theorem 2.1. Let p : X → T be continuous. Equivalent are
(i) p is exponentiable.
(ii) For any point x in X and every open neighborhood V of x there exists a locally
closed subspace S in T and a neighborhood W ⊆ V ∩p−1(S) of x in X such that
(a) the restriction V ∩ p−1(S) p→S of p is triquotient with a t-assignment ∗ ful-
5lling
(b) W ∩ p−1(O∗) ⊆ O for all open sets O in V ∩ p−1(S).
Proof. (i) ⇒ (ii). Let V ∈ U(x) be open. As mentioned in the introduction, there
exists a binding family H=
•∪
T
Ht of Scott-open sets Ht ⊆T(Xt) with Vp(x) ∈Hp(x)
and W ′ : =
•∪
T
(∩Ht) ∈ U(x) [6]. Choose
S:=VH \ ∅H and W :=W ′ ∩ p−1(VH):
Then W ⊆ V ∩ p−1(S) because Vt ∈Ht , hence W ′t ⊆ Vt for t ∈ VH, and W ′t = ∅ for
t ∈ ∅H.
Furthermore choose
K : =
•∪
S
Ks; Ks : =Hs ∩T(Vs); s ∈ S:
Then every Ks is Scott-open in T(Vs) and nontrivial according to s ∈ VH \ ∅H.
Moreover, K is binding, because for O = V ∩ p−1(S) ∩ O′; O′ open in V , hence
Os = O′s for all s ∈ S, one gets
OK = {s ∈ S |Os ∈Ks} =
O′⊆V
{s ∈ S |O′s ∈Hs}
=O′H ∩ S open in S:
By Lemma 0.2 there is a t-assignment given by O∗ : =OK ⊆ S and
W ∩ p−1(O∗) = W ′ ∩ p−1(O∗)
=
(
•∪
S
(∩Hs)
)
∩ p−1(O∗)
⊆
Ks⊆Hs
(
•∪
S
(∩Ks)
)
∩ p−1(O∗)
⊆ •∪
O∗
Os ⊆ O;
because Os ∈Ks for s ∈ O∗.
(ii) ⇒ (i). By Lemma 0.2, K:= •∪
S
Ks; Ks : ={Os |O open in V ∩ p−1(S); s ∈
O∗}; s ∈ S, de5nes a binding family of nontrivial Scott-open sets in T(Vs). Consider
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A;U ⊆ T; A closed, U open with S=U∩A and de5ne a familyH:= •∪
T
Ht of Scott-open
sets Ht in T(Xt) by
Ht : =


∅ for t ∈ A \ S;
T(Xt) for t ∈ A;
{O′ ∈T(Xt) |O′ ⊇ O ∈Kt} for t ∈ S:
Then H is binding with respect to p :X → T , because the following holds for any
open subset O of X .
OH = {t ∈ T |Ot ∈Ht}= {t ∈ S |Ot ∩ Vt ∈Kt} ∪ (T \ A)
= (O ∩ V )K ∪ (T \ A):
Now (O ∩ V )K is open in S, hence (O ∩ V )K = U ′ ∩ S for some open U ′ ⊆ T .
This yields
OH = (U ′ ∩ S) ∪ (T \ A)
=
S=U∩A
(U ′ ∩ U ∩ A) ∪ (T \ A)
= (U ′ ∩ U ) ∪ (T \ A) open in T:
It remains to show, that
•∪
T
(∩Ht) is a neighborhood of x. To this end, consider
W as in (ii) (b) and observe that for any s ∈ S; O′ open in X with O′s ∈ Hs and
O : =V ∩ p−1(S) ∩ O′ holds Os ∈Ks, hence s ∈ O∗ and
Ws ⊆ (W ∩ p−1(O∗))s⊆
(b)
Os ⊆ O′s:
This proves Ws ⊆ ∩Hs for s ∈ S and therefore
W ⊆ •∪
S
(∩Hs) ⊆
•∪
T
(∩Ht) ∈ U(x):
Corollary 2.2. Let p :X → T be exponentiable in Top. Then the p-image p(U(x))
of any neighborhood 5lter U(x); x ∈ X; has a base of locally closed sets.
Another consequence of Theorem 2.1 is that, in order to get a nice characterization
of all exponentiable maps, it suLces to describe the exponentiable triquotients nicely.
Corollary 2.3. Let p :X → T be continuous. Equivalent are
(i) p is exponentiable.
(ii) For any point x in X there exists a locally closed subspace Sx in T such that
(a) the restriction p−1(Sx)
px→Sx of p is triquotient and exponentiable.
(b) p−1(Sx) is a neighborhood of x.
Proof. (i) ⇒ (ii). Choose V = X and Sx = S as in Theorem 2.1. Restrictions of
exponentiable maps to locally closed subsets are well known to be exponentiable.
(ii) ⇒ (i). The inclusions p−1(Sx) ,→ X; x ∈ X , form a pullback stable 5nal family.
This forces the endofunctor –×p of Top=T to preserve quotients, which is enough for
p to be exponentiable [6].
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The following characterizes the exponentiable monomorphisms (= injections) in Top
up to an isomorphism. It is immediate from Corollary 2.3.
Corollary 2.4. Let p :X → T be a continuous inclusion (of a subset X in T with a
re5nement of the subspace topology). Equivalent are
(i) p is exponentiable.
(ii) For any point x in X there exist a neighborhood Vx of x such that Vx; as a
subspace of X; is a subspace of T as well and locally closed in T.
For instance, this applies to X = Td; T discretely topologized, and p = id T . Then
p is exponentiable iJ T is a TD-space. On the other hand, any neighborhood Vx of
x ∈ Rs, the Sorgenfrey-line, fails to be a subspace of the Euclidian line R, hence
id : Rs → R fails to be exponentiable.
3. Exponentiable embeddings revisited
Embeddings of locally closed subspaces X in T are well known to be exponentiable.
The converse is due to Nie5eld [6] as a consequence of her characterization mentioned
above. The proof of the latter is far from being elementary. Therefore, one might be
interested in an elementary approach to exponentiable embeddings. For an elementary
approach to exponentiable spaces, see [4].
Theorem 3.1. Let p :X ,→ T be the embedding of a subspace X in a topological
space T. Equivalent are
(i) p is exponentiable.
(ii) X is locally closed.
Proof. (i) ⇒ (ii). Show that X is open in its closure NX . To this end, consider the
cokernelpair of the inclusion NX \ X ,→ NX and its usual construction as quotient of the
sum NX NX .
Any open subset O of NX NX\X NX that meets NX \ X also meets both copies of X .
If the subspace X
•∪X of NX NX\X NX is just the sum XX , then there exists some O
containing one copy of X which fails to meet NX \X . This would imply, that X is open
in NX .
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Therefore, look at the following pullbacks, where ∇ denotes the codiagonal and r
is given by the universal property of the cokernelpair:
Obviously, q is a quotient in Top=T which is preserved by –×p if p is exponentiable.
Recall that –×p is given by pulling back along p. Therefore, q × p = id : XX →
X
•∪X is a quotient and X •∪X = XX as subspace of NX NX\X NX .
This calculation is in the spirit of set theoretic topology with points. Without any
doubt it might be worth to try a more general approach using partial products or
pullback complements as in [3].
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